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To determine the change in the slipstream shape due to the
centrifugal terms, the pressure relation is rewritten, neglecting
the static pressure terms which are important only in the tail
region, as follows

do/d8 = sinif[R costo — cos(f — o)1/g(f) cos(d — o) (20a)
where
dg/df = sini@[R sin2¢ <+ sin2(f8 — 0)]/2 cos(§ — o) (20b)
and
R = rit? (20¢)
dy = [r coso/cos(f — o)]db (204d)

has been substituted. Here g(f) represents the growth of the
tangential momentum in the shock layers. The preceding
equation shows that the slipstream curvature is proportional
to the ratio of the difference in the normal component of the
dynamic pressure to the tangential momentum.

The geometric condition

dR/d6 = (7 -+ LR tan(8 — o) (20e)
together with the initial conditions at
6 =0, 0'=0:R=11 g=0 (20f)

form a system of three nonlinear ordinary differential equa-
tions for the three unknowns o,R,g.

For the two-dimensional source j = 0, the aforementioned
system admits a simple solution

.= §/2 @1)

This implies the curvature factor do/df is a constant. The
geometric condition gives

Ff = 1/cos%(8/2) (22)
and integration of the tangential momentum growth equation
yields

g(8) = 2 tan(6/2) sin(6/2) (23)

For the spherical source a series solution is obtained for 6
« 1 by noting that due to symmetry

R =1+ Ry'0%/2! + Ry'"60%/4! + ... (24)
and
o= 6’0 + oo/"'6%/3! + ... (25)

in which the primes denote differentiation with respect to
theta. Here oo’ is recognized to be the curvature of the slip-
stream at the centerline. Substituting these expansions into
the differential equation for g and integrating gives

9(6) = 07%2/(j + 2) — (0'Ry" — }00'* — % +
80y’ — 300")07%/2(j + 3) +
31 = 200" + 00 — j/8)6i%/(j + 4) + ... (26)

The differential equation for the curvature evaluated at 6 =
0 gives

o’ = (G + 2)(Ro" + 2)/2(2j + 5) @7

The geometric condition differentiated once and evaluated at
0 = 0 gives

Ry = (j+ 1A = o) (28)
From which
o' =G+2)/G+ 49 (29)
and
Ry =24+ 1)/G+ 4 (30)

TECHNICAL NOTES 1421

The series solution for 7 and ¢ become
F=14+[1/G+Dl6*+ ... (31)
o=0G+2/G+H0+ ... (32)

A numerical integration of this system was obtained with
the help of a CDC 6600 computer. Numerical accuracy of
0.019, was imposed at each integration step by using Runge-
Kutta integration with variable step size. The results of this
computation are shown graphically on Fig. 2 along with the
analytie solution and the series expansion.

The slipstream shapes differ significantly for theta greater
than approximately one radian by the inclusion or deletion of
the centrifugal terms. This departure is largely due to in-
creasing tangential momentum in the shock layers and not so
much to the curvature of the slipstream.
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Experimental Investigation of the Lee-
Side Flow from a Cone-Cylinder Model

Avrrep M. MorrisoN* AND CHARLEs W. INGRAMT
University of Notre Dame, Notre Dame, Ind.

Introduction

NE phase of the general problem of the interference be-
tween component parts of flight vehicles is the inter-
ference effects resulting from vortex shedding from a body of
revolution at high angles of attack. When the angle of attack
is small the boundary layer beings to thicken rapidly on the
lee side of the body near the base. As the angle of attack or
length fineness ratio is increased this phenomena progresses
until the boundary layer separates from the body and two
regions of concentrated vorticity are formed on the lee side.
At this point the influences of inertia and viscosity of the air
flowing around the body can no longer be neglected. The
formation of the vortices results in a pressure reduction which
increases the cross forces substantially more than potential
flow theory would lead one to believe. Wind-tunnel tests
have shown that these vortices have a large effect upon the
forces developed on wing and tail surfaces.! Certain methods
exist for estimating the forces developed on the wing and tail
surfaces provided the positions and strengths of the body
vortices are known.!~4 The purpose of this Note is fo present
an experimental method for determining the position of the
vortex core regions from subsonic wind-tunnel tests.

Experimental Procedure

The smoke flow visualization techniques of Brown® were
used in this investigation. In order to obtain proper visualiza-
tion of the flow, a converging slit-camera technique was
employed. A schematic representation of this process is
presented in Fig. 1. The technique employed two wind-
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Fig.1 Schematic of test equipment.

tunnel working sections. The forward working section has a
removable back wall and a glass front wall to allow for il-
lumination of the model. The aft section had three glass
walls to allow for visual observation of the flowfield in a plane
perpendicular to the symmetric axis z of the model. A still
camera was used to photograph the smoke flow through the
glass floor of the aft section.” The smoke vortices were photo-
graphed at four different body positions. To insure repeat-
ability of the data, two runs were made at each body position.
This process was carried out at four different angles of attack.
Two luminous reference dots were fixed to a thin wire passing
through the support sting of the model to determine the posi-
tions of the vortices. Corrections of the photographic data
were made for apparent distance changes when the reference
dots were projected into the plane of the smoke vortices.
All tests were conducted at a tunnel velocity of 28.4 fps.

Discussion of Results

The primary objective of the test program was to develop
a method by which the vortex core region could be located at
various body positions for various angles of attack. The
photographic quality of the smoke visualization is determined
by the nature of the lighting system. It was necessary to use
a slit 0.1 in. in width and 3 in. in depth in conjunction with a
high-intensity light source in order to obtain a light plane of
acceptable width and photographic intensity. An optical
comparator system was used to locate the vortex core area by
measuring points along the edge of the dark core region. A

Fig. 2 Smoke photography of core locations reading left
to right.
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Fig. 3 Core center locations for @ = 27.0°.

computer program was then used to convert the comparator
readings to inches and to assign them values relative to the
center of the cone cylinder configuration. . Because of the
apparent shape of the vortex core regions, ellipses were fit to
the data and the center of the ellipse was taken to be the center
of the vortex core region. Example photographs of the smoke
visualizations are presented in Fig 2. The smoke is seen as
the white portions of the photographs, while the black oval
centers of the smoke are representative of the vortex core
areas. A vertical line of smoke is noted on many of the photo-
graphs such as shown in Fig. 2. The vertical line is rep-
resentative of smoke which was not diffused into the wake
region. Rings of smoke were also noted as shown in Fig. 2.
Such rings are formed when smoke enters the flowfield at a
forward point on the cone cylinder configuration where the
vortex is actually forming. Figure 3 gives the vortex core
locations in inches from the tail, at angle of attack o equal
to 27° as shown in Fig. 2. Variations in height above the
cone cylinder configuration are presented on the profile view,
while radial variations are presented on the end view. The
plot shown is representative of the data shown in Table 1 and
repeatability was found to be good for all runs. As the body
position of the vortex core region moves toward the rear of
the cone cylinder, the height of the core region center was
found to increase. Symmetry of the core region centers about
an axis passing through the center of the test configuration
was found to be distorted for angle of attack of 35° at the two
most rearward body positions. This would be representative
of the beginning of an asymmetric condition of the wake.
The occurrence of this phenomenon at this point is in good
agreement with the data of Ref. 6. Reference 6 suggests

Table 1 Vortex core center locations

a = 22.5° a = 27.0°

z y z z y z

1) 0.275 0.900 8.31 1) 0.290 0.940 8.38
2) 0.285° 0.990 6.75 2) 0.310 1.01 6.75
3) 0.430 1.19 4.50 3) 0.410 1.14 4.50
4) 0.340 1.10 3.50 4) 0.420 1.22 3.50

a = 31.0° a = 35.0°
T Y 2 T Y z
1) 0.275 1.00 8.38 1) 0.285 0.910 8.25
2) 0.320 1.10 6.75 2) 0.370 0.980 6.75
3) 0.395 1.20 4.50 3) 0.405 1.32 4.50
4) 0.440 1.30 3.50 e 0.405 1.24 4.50

4) 0.425 1.49 2.50
e 0.425 1.40 2.50

« Denotes asymmetrical core center locations.
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that the vortex core region centers move radially outward
along a line at an angle of 67° from a horizontal axis passing
through the center of the test configuration. The data taken
here were not found to exhibit such a trent. The core region
center moves radially outward along a line curving away from
the center of the test configuration. The outward curve
becomes sharper as the angle of attack is increased. This
trend is exactly opposite to the supersonic case as reported
in Ref. 7. That is, in the supersonic case the core region
centers were found to first move radially outward then to
move along a line curving slightly back toward the center of
the test configuration.
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A New Integral Calculation of Skin
Friction on a Porous Plate
Tse-Fou Zien*

U. 8. Naval Ordnance Laboratory,
Silver Spring, Md.

Nomenclature

Cs = skin-friction coefficient, 7../%pu,?
f = velocity profile, u/uo
k = coeflicients of the polynomial velocity profiles
Re. = Reynolds number based on distance z, uoz/»
Res = Reynolds number based on boundary-layer thickness,

Ugd / v
(u,v) = velocity components corresponding to (x,y)
(z,y) = Cartesian coordinate system with origin at the leading

edge, z along the freestream direction

1 7 1 7
= 2

o ffdn Jo ran— [ a0 [0+ [ an [
B = f fdn

y = fofdn—folf’dn

) = boundary-layer thickness
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¢ = blowing parameter, v.,/uo

n = similarity variable, y/8

A = blowing parameter, (v,/uo) (x/8)

X\ = blowing parameter, (vw/uo) (Re;V?)
v = kinematic viscosity

p = density of the fluid

7 = shear stress

Subscripts

0 = freestream condition

w = wall

Introduction

HIS Note reports on some preliminary results for the in-

compressible, laminar skin friction on a porous plate cal-
culated by a refined Karman-Pohlhausen (K-P) method.
Only two types of surface blowing (or suction) are considered,
namely, the similarity type for which v, ~ z~12and the uni-
form type for which v, = constant. Exact numerical results
exist for both cases so that the capability of this new method
can be tested. It will be revealed that remarkably accurate
and reliable results can be obtained in analytic forms, requir-
ing only simple and elementary calculations.

Volkov! recently advanced the basic idea of the refined
K-P method, and a slight modification is made here to
generalize application to flows over permeable surfaces in
order to assess its validity in general boundary-layer flows
including the effects of surface mass transfer. In essence, the
method is based on a double integration of boundary-layer
equations in the direction normal to the external main stream.
The skin-friction term can thus be expressed in terms of cer-
tain integrals of the assumed velocity profile instead of the
derivative of it, as in the usual K-P method. One expects
that the accuracy of the skin-friction, so expressed, should be
significantly increased and that, as a consequence, the method
should yield improved results in cases where the skin frietion
plays an important role, such as boundary-layer flows perti-
nent to separation.

Analysis

We begin with the integrated version of the laminar bound-
ary-layer equations over a porous plate, i.e.,

o (v , ou  Tw (x)
ba:fo uldy + uv = be » Q)
Note that Eq. (1) with the upper limit of the integral re-
placed by 8(z) is the familiar K-P equation for the determina-
tion of é(z). However, following the idea of Volkov’s refine-
ment,! we shall use this equation as an expression for the skin
friction, 7.(x). The quantity 8(z) will then be determined by
an equation obtained by another integration of Egq. (1).
Thus the ordinary differential equation determining the basic
quantity é(z) is

.I:)ady%j;yuzdy-i-vwfaudy—fsudysa—fyudy=
vio -+ 6— f uldy + Sugn — 6u°d f udy (2)

Note that in arriving at Eq. (2), we have substituted for
7w(z) an expression derived from Eq. (1), ie.,

1 To(z) d f sy u )

— — - — 3

2 Cr = puy? T dzJo Uy 1 Up dy ®
Eqgs. (2) and (3) form the basis of the ensuing calculations.
As for the velocity profiles to be used in Eq. (2), we shall

adopt the familiar form of polynomials with constant coef-
ficients, i.e., we assume

u/uo = f(n) = Zi kayi,

k; = const 4



